A hermitian integral kernel in N-space may be mapped to a corresponding Hamiltonian in ZN-space by the Wigner transformation. Linear simplectic transformation on the phase space of the Hamiltonian yields a new kernel whose spectrum is unchanged and whose eigenfunctions follow from an explicit unitary transformation. If an integral kernel has a Wigner transform whose surfaces of constant value are concentric ellipsoids, then the Wigner transform yields exact results to the eigenfunction problem. Such behavior is asymptotically generic near extrema of the Wigner transform, from which follow simple and robust asymptotic results for the ends of the eigenvalue spectrum and for the corresponding eigenfunctions. a partial differential equation for 4 that bears the same relationship to Eq. 1 that the eiconal equation of geometrical optics (5) bears to the wave operator. The eiconal equation is in fact just an example of our more general case.
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Although Eq. 6 results from the lowest order of a formal asymptotic theory no information about the original problem (Eq. 1) is lost in the limit process indicated in Eq. 5. In fact the exact kernel is recovered by inverse transform, W-1[K] = K((x + y)/2, x -y) =(2)N f K((x + y)/2, p)exp[ip(x -y)]dp. [7] It has been shown in ref. 1 that WKB (Wentzel-KramersBrillouin) theory [usually presented for differential operators and culminating in the EBK (Einstein-Brillouin-Keller) (2-4) formulas] extends in a useful way to the general eigenfunction problem I K{x, y}lf(y)dy = A+(x). [1] The formal treatment applies to formal hermitian kernels K{x, y} = K(E(x + y)/2, x -y) = K*(E(x + y), y -x) [2] for which the integral in Eq. 1 is defined in some sense. Integral, differential, and pseudo-differential operators are included in this class. The results, which are presented as general in following sections, likewise hold for this broad set of operators.
The treatment in ref. 1 begins with the representation of the solution in the form f(x) = exp[io(Ex: e)/E]. [3] Under the limit e I 0 it was seen that the solution of Eq. 1 follows from the properties of the Wigner transform of K,
[4]
It follows directly from hermiticity Eq. 2 that K is real.
Next if we let p = lim VO [5] in Eq. 4, then in the limit equation [1] with Eq. 4 substituted becomes [9] where 4= (q, p) [10] is the phase space variable.
An immediate corollary is that K{x, x}dx = (2ir)N f R()d, [11] gotten by taking one of the operators of Eq. 9 to be the delta function 8(x -y). Note that Eq. 11 may be divergent.
The Wigner transform of an operator product is the bilinear form given by [12] Abbreviation: EBK, Einstein-Brillouin-Keller.
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The proof of Eq. 12 is a direct extension of that given in ref.
7. Note each term of the sum [13] represents the projected area of the parallelogram generated by the tips of (i', g2, g) in the (qk, Pk) plane. An alternative representation of [13] is
Hamiltonians are connected by linear symplectic transformations, this asymptotic result is exact. This we show next.
For this purpose consider the matrices M defined as symplectic by the condition (10)
[21]
These define linear canonical transformations in the sense of Hamiltonian mechanics:
where J is the 2N X 2N antisymmetric matrix 0 J-1 0.
Each of these transformations in turn induces a transformation of K to KM defined through
It proves convenient to restate the eigenvalue problem (Eq. 1) in terms of the projection operator based on the eigenfunctions of Eq. 1, E{x, y} = I(x)I*(y)
[16]
The Wigner transform corresponding to Eq. 16 is on the (q, p) and (q', p') planes indexed by the level variable, X. If for all real X that lead to such curves, these curves enclose equal areas respectively on the (q, p) and (q', p') planes, then asymptotically (E I 0 in Eq. 2) the eigenvalue spectra of K1 and K2 are equal (6, 8 Proc. NaM Acad Sci. USA 83 (1986) [14] co represents a constant ofunit magnitude up to which Eq. 29 is undetermined.
The somewhat lengthy proof of Eq. 29 is elementary and independent of the details of K and of its spectrum and roughly follows the one-dimensional case.
Eq. 29 may be shown to be a unitary transformation on {i, say EM = UM+i. In this format KM = UMKU-1 from which the isospectral character of the transformation is direct. A particularly interesting illustration of these results follows from the one-parameter subgroup of symplectic matrices, M = exp(At).
[30]
Then it may be seen that as a result of the symplectic condi- 
exp(ip-(x -y))dp [37] has eigenfunctions (i = Hnl(Xl)Hn2(X2) . . . HfN(xN)exp(-x2/2), [38] where Hn(x) represents the Hermite polynomial of index n (11). The corresponding eigenvalue is given by A = (.)nl+...+nN K(rl, . . ., rN)Lnl(2rl) ...
LnN (2rN)eXP(-rl -. . . -rN) dr1 . . . drN, [39] where Ln refers the Laguerre polynomial of index n (11). The proof of these assertions follows the lines of the onedimensional treatment (7) . The 
